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Parallel Rule

F{P1} Ci {Q1}
F{P2} Co {Q2}

C:1 doesn't affect Cz's proof

Cz doesn't affect Ci's proof

F{P1 A P2} Ci | G {Q1 A Q2}



FindFirstPositive

1:=0; ) := 1,

while i<min(x,y) do
if A[i]>0 then
X:=I
else
=142
end if
end while

= |Aly = |A[;

while j<min(x,y) do
if A[j]>0 then
y:=])
else
Ji=]+2
end if
end while

r := min(x,y)



i=0;j:=1,x:=|Al;y:=|A|

{Pl A\ Pz}
1P1} P2}
while i<min(x,y) do {P1 A i<x A i<|Al} while j<min(x,y) do {P2> A j<y A j<|A|}
if A[i]>0 then {P:1 A i<x A i<|A| A Ali|>0} if A[j|>0 then {P2 A j<y A j<|A| A A[j]>0}
x:=i {P1} y:=j {P2}
else {P1 A i<x A i<|A| A Ali]<0} else {P> A j<y A j<|A| A Alj]=0}
=i+2 {P} I=i+2 {P2}
end if {P.} end if {P>}
end while {P1 A i=min(x,y)} end while {P> A j=min(x,y)}

{P1 A P2 A iZmin(x,y) A j=min(x,y)}
r := min(x,y)

{r<|A| A (vk. 0=<k<r = Alk]<0) A (r<|A| = A[r]>0)}

where P1 £ x=<|A| A (vk. 0<k<i A k even = A[k]<0) A i even A (x<|A| = A[x]>0)
and Py £ y<|A| A (vk. 0<k<j A k odd = A[k]<0) A j odd A (y<|A| = Aly]>0)

lI&;
g



Compositionality

F{P} G {Q} I

F{Q} C2 {R}

F{P} CuCa {R} - {P} C {Q}
mods(C) n fv(R) = @

I F{P x R} C {Q * R}

F{P} C1 {Q}[Xs
F{Q} Co {R}[X2

- {P} GHE {R}[X1 U Xz] - {P} C {Q}[X]
X nfv(R) =0

F{P x R} C {Q * R}[X]
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Rely-Guarantee

R,G+{P} C{Q}
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Rely-Guarantee

R,GF{P} C{Q}

IF:
(1) the initial state satisfies P, and
(2) every state change by another thread is in R,

THEN:

(1) every final state satisfies Q, and
(2) every state change by Cis in G



Parallel Rule

Ru G2,Gi F {P1} Ci {Qu}
R u Gi1,Go + {P2} Co {Q2}

R, Giu GoF {P1 A P2} C1 | C2{Q1 A Q2}



Rule of Consequence

RcR R,GH{P}C{Q} G cG

R,G+{P} C{Q}



Basic commands

vo,o'. P(o)

A (o,0")elc]

= G(o,0)

Vo,0 .
P is stable under R P(0) A R(?'G)
. = P(o’)
Q) Is stable under R
the effect of c is contained in G
F{P} c {Q}
R,G+{P} c {Q}
R R R R R
" - et W e Y gt
P—P—P->Q—Q—Q—Q
-

G



Making assertions stable

x=n «» x=n-1 X=N » x=n+1

\ /

{(o,0") | 3n. R,G + {x=2}
o(x) =n A X 1= x+1
o =o|x~n-1]} {x=3}



Making assertions stable

x=n «» x=n-1 X=N » x=n+1

\ /

{(o,0") | 3n. R,GF {x=<2}
o(x) =n A X 1= x+1
o'=c[x~n-1]} {x=3}



[o N
hy

lI&

Quiz

Xx=n w Xx=n-+1

Strongest stable
weaker assertion

Weakest stable
stronger assertion

x=0

x=0

false

xF0

true

x>0




Stabilisation

sswa(P)

—wssa(P)



i=0;j:=1,x:=|Al; y ;== |A|,

{P1 N Pz}
Go, G1 F Gi, Gt
1P1} P2}
while i<min(x,y) do {P1 A i<x A i<|Al} while j<min(x,y) do {P> A j<y A j<|Al}
if A[i]>0 then {P1 A i<x A i<|A| A A[i]>0} if A[j]>0 then {P2 A j<y A j<|A| A A[j]>0}
x:=i {P1} y:=j {P2}
else {P1 A i<x A i<]A| A Ali]=<0} else {P> A j<y A j<|A] A A[j]=0}
i:=i+2 {P1} J=j+2 {Po}
end if {Pl} end if {Pz}
end while {P1 A i=zmin(x,y)} end while {P> A j=min(x,y)}

{P1 A P2 A iZmin(x,y) A j=min(x,y)}
r := min(x,y)
{r<|A| A (vk. 0=<k<r = Alk]=<0) A (r<|A| = A[r]>0)}

where P1 £ x<|A| A (Vk. 0<k<i A k even = A[k]<0) A i even A (x<|A| = A[x]>0)
and Py £ y=<|A| A (vk. 0<k<j A k odd = A[k]=<0) A j odd A (y<|A| = Aly]>0)
and Gi = {(0.0) | 5'(y) = o(y) A 5'(}) = o) A &'(x) < o(x)}
and G = {(6,0) | '(x) = o(x) A o'(i) = o(i) A (y) < o(y)}
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Concurrent Separation Logic

Comparison

Rely-Guarantee

JE{P} C1Q}

initial state satisfies P, and
every state change by
another thread preserves J,

Y
C doesn't fault, and
final states satisfy Q, and
every state change by C
preserves J

R,Gk{P} C{Q}

initial state satisfies P, and
every state change by
another thread is in R,

U

final states satisfy Q, and
every state change by C is

in G



Verify this...

{x~0}
atomic ( [x] == [x]+1) || atomic ( [] := [+2)

{x~3}



Try CSL...

{emp}

atomic (

1}
IX] := [x]+1

{J}
{emp}

{emp}

atomic (

1}
X] := [x]4+2

{J}
{emp}



Try CSL...

{x~0}

{emp}

atomic ( :
{3In=0. x~n
IX] := [x]+1
{aIn=0. x—n}

)

1emp}

{emp}

atomic (
{aIn=0. x—~n}
X] = [x]+2
{aIn=0. x—~n}

)
{emp}

{aIn=0. x—~n}



Try CSL + auxiliary state...

1x~0}
a:=0;b:=0;
{x—~a+b * a=0 * b=0}

{a=0} {b=0}
atomic ( atomic (

{x—~a+b x a=0} {x—~a+b x b=0}

IX] ;= [x]4+1;a:=1|] [X] :=[x]+2; b:=2

{x~a+b * a=1} {x—~a+b * b=2}
) )
{a=1} {b=2}

{x—~a+b % a=1 % b=2}



Try Rely-Guarantee...

1x~0;
Go, G+ {XI—>O V XI—>2} G, Go + {Xl—>0 vV XI—>].}
atomic ( atomic (
X = [x]+1 X = [x]+2
) )
{x~1 v x~3} {x~2 v x~3}
1x~3;
where G1 £ (x~0 w» x—1) U (x»2 w» x—3)

and Gz £ (x>0 «w» x~2) U (x~»1 w» x—-3)
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Verify this...

{x~0}
atomic ( [x] == [x]+1) || atomic ( [ := [+1)

{x~2}



Try Rely-Guarantee...

not stable x>0}
Go, G+ {XI—>O V XI—>1} G, Go + {Xl—>0 vV XI—>].}
atomic ( atomic (
x] = [x]+1 x| = [x]+1
) )
{Xl—>1 V Xl—>2} {Xl—>1 V XI—>2}
{x>1 v x~2}

where G1,G2 £ (x~0 w» x~1) U (x>l w x—2)



Try Rely-Guarantee...

10}
G2, Gi+F {3n=0. x»n} [[G1, G2+ {In=0. x—>n}
atomic ( atomic (
] = [x]+1 X = [x]+1
) )
{aIn=1. x—n} {In=1. x—n}
{In=1. x~n}

where G1,Gy £ (Xl—>n > Xl—>n-|-1)



Abstracting the environment

By encoding the environment as a rely, we forget:
* the order in which actions can happen;
e which thread performs which action; and

* how many times each action is performed.



Abstracting the environment

Thread 1 Thread 2 Thread 3

31



Abstracting the environment

EEREERE .
™



Abstracting the environment

Thread 1

p stable under R
<

F Py R* {p}

33
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