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Array-Based Trees

// generic tree
struct node {
  int parent,
      right_sibling,
      first_child;
};
const int NIL = -1;
struct node tree[N];
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Array-Based Trees

• Use a struct array to store a tree

• Replace pointers with array indices

• Use a dedicated integer (e.g., -1) to 
represent NULL pointer

// generic tree
struct node {
  int parent,
      right_sibling,
      first_child;
};
const int NIL = -1;
struct node tree[N];
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Array-Based Trees (Cont’d)
• Sometimes array-based trees are preferable …
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Array-Based Trees (Cont’d)
• Sometimes array-based trees are preferable …

• Potential time/space efficiency benefits

• E.g., random access to a node’s information

• But formally reasoning about array-based trees can be challenging!
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• A representation predicate for    
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• : heap predicate,          
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𝖺𝗋𝗋(p, ℓ)
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• : pure proposition, 
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• defined recursively on tr

 
 
 

𝗍𝗋𝖾𝖾_𝗉𝗋𝗈𝗃(tr, ℓ) = ⋯ ∧
ℓ[3] = {𝚙𝚊𝚛𝚎𝚗𝚝 = 0,

𝚛𝚒𝚐𝚑𝚝_𝚜𝚒𝚋𝚕𝚒𝚗𝚐 = −1,
𝚏𝚒𝚛𝚜𝚝_𝚌𝚑𝚒𝚕𝚍 = 4} ∧ ⋯

array ℓ

(logical) tree tr
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• Need to specify what parts of the array have changed, and how they change

• Need to prove that the other parts are kept intact

•  Want a “frame rule” to do localised reasoning on changed parts only⟹

•  Need to “separate” the array, but a separated part cannot be represented by ⟹ 𝗍𝗋𝖾𝖾_𝗋𝖾𝗉𝖺𝗋𝗋

❓How to specify and verify this program?
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Challenge #2: Non-Recursive Traversal

int stack[N];
void nonrec_traversal (int root) {
  // push root
  while (/* stack not empty */) {
    int top = /* pop out stack top */;
    // ...
    // push the children of top
  }
}
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Challenge #2: Non-Recursive Traversal

int stack[N];
void nonrec_traversal (int root) {
  // push root
  while (/* stack not empty */) {
    int top = /* pop out stack top */;
    // ...
    // push the children of top
  }
}

❓How to specify the loop invariant?
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𝗍𝗋𝖾𝖾_𝗋𝖾𝗉𝗍𝗋𝖾𝖾(p, tr) = ⋯ *
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Strategy to C2: Tree Splitting
• Key ideas: 

• Exploit the correspondence between a node and the path from the root to it

• The stack content and the visited part: functions of the stack top node

• The visited part: expressed as the right half of tree splitting
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Reminder: children are 

pushed from left to right

• Split the tree vertically along the path from the root to a node

• The right half: including that node, its ancestors and the subtrees on their right



Vertical Split and Visited Part

  while (/* stack not empty */) {
    int top = /* pop out stack top */;
    // ...
    // push the children of top
  }
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Retrieve the Stack Content

  while (/* stack not empty */) {
    int top = /* pop out stack top */;
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Retrieve the Stack Content
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Retrieve the Stack Content

• The stack before an iteration = nodes on the left of the ancestors of stack top

• The stack after an iteration = the stack before an iteration minus stack top 
plus the children of stack top

  while (/* stack not empty */) {
    int top = /* pop out stack top */;
    // ...
    // push the children of top
  }
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22



Loop Invariant of Non-Recursive Traversal
• Sufficient to define by keeping track of the stack top node
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  while (/* stack not empty */) {
    int top = /* pop out stack top */;
    // ...
    // push the children of top
  }

Post-iteration 
stack & visited part

Pre-iteration 
stack & visited part

Functions of stack top



        Roadmap

• Challenges


• Strategies


• Case study
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Tree Clock
• Implementing logical clocks using generic trees
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Tree Clock
• Implementing logical clocks using generic trees

• Optimal asymptotic time complexity in performing logical clock operations
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Tree Clock (Cont’d)
• The number of threads are bounded  suitable as array-based trees⟹

• Its join operation: happens between two tree clocks,  and TC1 TC2

• Performing non-recursive traversal over TC2

• Performing structure changing operations on  according to the stack 
top node of 

TC1
TC2

•  Manifesting both challenges⟹
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Verifying Tree Clock

• Tree clock is originally implemented in Java


• Faithfully translated into C


• Its functional model: verified in Coq


• Its imperative join operation: verified using Verified 
Software Toolchain (VST)
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Rooting For Efficiency

• Array-based trees do bring efficiency!
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Summary
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Summary
• Array-based trees: performance-oriented implementation of tree structures


• Challenges: structure changing operations and non-recursive tree traversals


• Strategies: dual views and tree splitting


• Case study: verification of tree clock

Thank you! 😃
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